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ABSTRACT
Moment-based boundary conditions for the lattice Boltzmann equation are extended
to Navier-slip flow in three dimensions. The slip velocity is proportional to the
velocity gradient at the wall and imposed locally within the moment system. To
capture gradients at edges the first order contributions to the third velocity moments
are retained. The proposed methodology is validated by computing solutions to
pulsatile and duct flows and second order accuracy is confirmed.
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1. Introduction

The lattice Boltzmann method (LBM) is usually considered to be a mesoscopic nu-
merical method that can be used to compute solutions to the Navier-Stokes equations.
Boundary conditions have been implemented in the lattice Boltzmann algorithm in
many ways. The bounce-back scheme and its direct variants are the most common,
where at a no-slip wall the (discrete) velocity distribution functions reverse their veloc-
ity and return to the computational node they came from. While being unquestionably
useful, the method generates a viscosity dependent error when used with the popular
single relaxation time model [13, 18]. To remove this artefact a multiple relaxation
time collision operator with judiciously chosen parameters is needed [11, 14, 15]. To
extend the method to slip conditions, a combination of bounce back and specular
reflection boundary conditions, or diffusive boundary conditions, have been proposed
[8, 22, 41, 42, 44], but the numerical slip error with a single relaxation time model
remains.

For example, kinetic boundary conditions [3] can derived directly from kinetic theory
to extend the LBM to flows with slip at walls. Some of these methods incorporate a
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tangential slip velocity by adjusting the distribution functions as follows:

fi = f eq
i +∆fi(uslip) (1)

This formats the equilibrium distribution f eq
i and the correction term ∆fi as a function

of slip velocity uslip. Other lattice Boltzmann boundary conditions employ a parameter
r to determine the slip velocity and reduce viscosity-dependent errors. This is achieved
through combinations such as bounce-back with specular reflection or diffusive bound-
ary conditions [42], [41], [22].

fi = rfBB
i + (1− r) fSR or D

i , 0 < r < 1 (2)

In the specular reflection (SR) boundary condition, unknown distribution functions
reflect in the same manner as light reflecting off a mirror. In the diffusive (D) boundary
condition, unknown distributions are replaced by a Maxwell-Boltzmann equilibrium
distribution, with wall velocity imposed and density chosen such that there is no net
mass flux at the wall. All of these methods, despite showing promise in application,
are prone to numerical artefacts on the vicinity of boundaries including numerical slip.

Chai et al. [8] pioneered the approach of combining bounce-back and full diffusive
boundary conditions for the LBM to study microscale gas flows. With this method
they explored how surface roughness effects gas flow within microchannels. They found
that surface roughness has a significant impact on mass flow rate and friction fac-
tor, particularly at low Knudsen numbers where gas-surface interactions are more
pronounced. As the Knudsen number increases and the flow becomes more rarefied,
the effect of surface roughness decreases. Chai et al. [9] extended their approach to
multiple-relaxation-time collision operators that could be tailored for gas flow over
arrays of cylinders. They studied unwanted discrete effects on slip conditions, which
are particularly prevalent as the local Knudsen number increases.

Significant progress in the study of lattice Boltzmann methods for slip flow has been
made by Silva and coworkers in recent years [36–38]. Their detailed analysis highlights
numerical artefacts that are present in LBMs and how one can use two-relaxation-time
approaches to control them. They extend the local second-order boundary (LSOB)
method to incorporate slip in geometrically complicated boundaries in 2 and 3 dimen-
sions. Thus the method of Silva et. al may be considered state-of-the-art theoretical
work that has the potential to be useful in many applications.

Tae et. al. [43] presented an interface-resolved lattice Boltzmann examination of
how a unilateral slippery (single-slip) bottom wall influences the inertial migration of
neutrally buoyant particles in channel flow. In contrast to symmetric channels, where
particles typically bifurcate around the centreline, the presence of the slip wall shifts
the critical equilibrium position below the centreline. They found that particles tend
to migrate toward the mid-height of the channel at higher Reynolds numbers, whereas
an increase in slip length causes the lower equilibrium position to draw particles closer
to the slip wall.

Samanta et. al. [33] studied lid-driven cavity flow with slip boundary conditions
using the lattice Boltzmann method. They considered flows with a tangential mo-
mentum accommodation coefficient that varied from 0.01 to 1 and Reynolds numbers
from 20 to 300. Two boundary condition implementations - the tangential momentum
accommodation coefficient (TMAC) method and the modified bounce-back specular
reflection (MBSR) method - were compared, with MBSR predicting higher slip veloc-
ities. Their results show that increasing slip suppresses secondary vortex formation.
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Additionally, greater slip causes the primary vortex to shift toward the cavity centre.
We note in passing that Mohammed and Reis [26] used the moment-based method-
ology to study rarefied lid driven cavity flow with slip conditions and showed good
agreement between LBM and benchmark data, including DSMC results.

The moment-based approach [5] is an extension of the ideas of Noble et al. [28] and
aims to impose hydrodynamic boundary conditions precisely at lattice grid points by
translating constraints on the moments into constraints on the distribution functions.
To do this consistently, one requires the same number of linearly independent moment
constraints as unknown distribution functions at a boundary. This methodology allows
no-slip conditions to be imposed precisely at grid points and slip conditions locally with
a high level of accuracy (free from numerical, or artificial, slip) [7, 25, 26, 30–32, 39].

Guo and Hou [16] evaluated bounce-back, non-equilibrium bounce back (NEBB),
and moment-based schemes for the discrete unified gas kinetic scheme (DUGKS).
Their simulations of Couette flow, Poiseuille flow, and Rayleigh–Taylor instabili-
ties demonstrated second-order accuracy of these methods, and the showed that the
moment-based scheme consistently outperformed bounce back and NEBB conditions
in terms of accuracy, efficiency, including their extension to multiphase flow applica-
tions. Bazarin et al. [4] address the challenges of boundary conditions in the lattice
Boltzmann method with a focus on moments-based models. They explored various
manifestations of a generalised moment-based approach, including some that lead to
an over-determined system, and argued for an optimal approach in terms of accuracy,
mass conservation, convergence, and stability based on the two-dimensional lid-driven
cavity flow.

The current shortcoming of the moment-based approach to lattice Boltzmann
boundary conditions is geometric flexibility, but a step forward was made by Krastins
et al. [21] who extended the methodology to no-slip flows in three dimensions. Added
difficulties for the moment-based approach in three dimensions are edges, where two
faces (boundary planes) meet, and corners, where three faces meet. Krastins et al. re-
quired the third moment - a non hydrodynamic moment - to impose no slip conditions
and faces edges and corners in 3D and neglected their non-equilibrium contributions.

In this paper we build on Krastins et al. [21] and Mohammed et al. [25] and present a
moment-based approach for imposing Navier-slip conditions on the lattice Boltzmann
equation in three dimensions. We are concerned only with Navier-slip here, where the
slip length is not related to a Knudsen number. We simulate flows with known an-
alytical solutions to assess the accuracy of the proposed scheme. The remainder of
this paper is structured as follows. In Section 2 we briefly discuss the D3Q19 LBM
and remind the reader of the relationship between the LBM and the Navier-Stokes
equations, including an overview of the methodology of moment-based boundary con-
ditions for Navier-slip conditions in three dimensional LBMs. In Section 3 we present
the method and results for three dimensional pulsatile flow and in Section 4 we study
flow inside a square duct with our new method. Concluding remarks left for Section
5.

2. The discrete Boltzmann equation

The discrete velocity Boltzmann equation with a single relaxation time is

∂tfi + ccci.▽ fi = −1

τ
(fi − f0

i ) + Fi (3)
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where fi(xxx, t) is the particle velocity distribution function with discrete particle veloc-
ity ccci. The finite set ccci : i = 0, . . . , b form an integer lattice, such as the D3Q19 lattice
shown in Figure 1. The Fi accounts for additional body forces. The left hand side of
equation (3) describes advection of fi by the velocity ccci and the right hand side (the
collision term) says that the fi relax to their equilibria f0

i over the timescale τ . The
equilibria are algebraic and given by [17],

f0
i = ωiρ

(
1 +

ccci.uuu

c2s
+

(ccci.uuu)
2

2c4s
− uuu2

2c2s

)
, (4)

where ρ is the fluid density, uuu is the velocity of the fluid, and cs is the speed of sound,
which for the D3Q19 lattice considered here is 1/

√
3. The weights, ωi, for the D3Q19

lattice are

ωi =


1
3 i = 0
1
18 i = 1, . . . , 6
1
36 i = 7, . . . , 18

The force term, Fi, is given by [23]

Fi = ωiρ

(
ccci.ggg

c2s
+

(ccci.uuu) (ccci.ggg)

c4s
− (ggg.uuu)

c2s

)
. (5)

where ggg is the body force being imposed.
Mass and momentum are defined to be the first two discrete particle velocity mo-

ments of fi and are conserved by collisions:

ρ =
∑
i

fi =
∑
i

f0
i , ρuuu =

∑
i

ficicici =
∑
i

f0
i ccci.

The momentum flux tensor is not conserved and is defined to be ΠΠΠ =
∑

i ficcciccci. For
later use we also define the third moment, which is a non-conserved non-hydrodynamic
moment, QQQ =

∑
i ficcciccciccci.third moment, which is a non-conserved non-hydrodynamic moment,QQQ =

P
i fi ci ci ci .
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Figure 1: D3Q19 lattice.

2.1. The Navier -Stokes equations

Taking the zero, first and second velocity moments of the discrete velocity Boltzmann equation 2.0.1

yields40

@t� + r.�u = 0, (2.1.1)

@t (�u) + r.��� = g, (2.1.2)

@t��� + r.QQQ = �
1
�
(��� ����0) + ug + gu. (2.1.3)

(2.1.4)

If one now applies the following Chapman-Enskog scales expansion to the non-conserved moments and

the time derivatives,

��� = ���0 + ����1 +O(� 2), QQQ =QQQ0 + �QQQ1 +O(� 2), @t = @t0 + � @t1 +O(� 2). (2.1.5)

where the equilibrium moments ���0 =
P

i f
0

i ci ci andQQQ0 =
P

i f
0

i ci ci ci are know through equation (2.0.2).

After some algebra and neglecting terms of O(� 2) and O(u3), one arrives at the (weakly compressible)

4

Figure 1. D3Q19 Lattice
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2.1. Recovering the Navier-Stokes equation from the discrete velocity
Boltzmann equation

Taking the zero, first and second order discrete velocity moments of the discrete ve-
locity Boltzmann equation (3) yields

∂tρ+∇.ρuuu = 0, (6)

∂t(ρuuu) +∇.ΠΠΠ = ggg, (7)

∂tΠΠΠ+∇.QQQ = −1

τ
(ΠΠΠ−ΠΠΠ0) + uuuggg + ggguuu, (8)

If one now applies the following Chapman-Enskog scales expansion to the non-
conserved moments and the time derivatives,

ΠΠΠ = ΠΠΠ0 + τΠΠΠ1 +O(τ2), QQQ =QQQ0 + τQQQ1 +O(τ2), ∂t = ∂t0 + τ∂t1 +O(τ2). (9)

then, after some algebra and neglecting terms of O(τ2) and O(u3), one arrives at the
(weakly compressible) Navier-Stokes equations [31]

∂tρ+∇.ρuuu = 0, (10)

∂t(ρuuu) +∇. (pI + ρuuuuuu) = ∇.µ
[
(∇uuu) + (∇uuu)T

]
+ ggg,

(11)

where p = ρc2s is the pressure and µ = τρc2s is dynamic viscosity. In obtaining the
above we used the equilibrium moments

ΠΠΠ0
αβ = pδαβ + ρuαuβ, (12)

Q0
αβγ = ρc2s (uγδαβ + uβδαγ + uαδγβ) , (13)

and obtained the first order (in τ) correction to ΠΠΠ,

ΠΠΠ1
αβ = −ρc2s (∂αuβ + ∂βuα) +O(u3). (14)

It is worth reminding the reader that we have recovered the weakly compressible
Navier-Stokes equations but with errors of order u3 and τ2. The cubic errors are small
by the small Mach number assumption, and clearly we require u ≪ cs, where cs is
the sound speed. Similarly, large values of the relaxation time τ would mean that
neglecting higher order terms in the expansion would lack justification and the model
would not be expected to be a very accurate Navier-Stokes solver.

While not needed directly to obtain the Navier-Stokes equations, we also find the
first order correction to QQQ to be

Q1
αβγ = ρc2s [uγδαβ + uβδαγ + uαδβγ ] ∂δuδ + ρc2s [δαβ∂γ + δαγ∂β + ∂αδγβ]uθuθ

+
ρc2s
2

[uα (∂βuγ + ∂γuβ) + uγ (∂αuβ + ∂βuα) + uβ (∂αuγ + ∂γuα)] . (15)
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2.2. The lattice Boltzmann equation

Now convinced that the Navier-Stokes equations are embedded within the moments of
the discrete velocity Boltzmann equation, we discretise equation (3) in space and time
by integrating it over a characteristic for time ∆t, and using the Trapezoidal Rule to
approximate the resulting integral on the right hand side. This yields

f i (xxx+ ccci∆t, t+∆t)− f i (xxx, t) = −1

τ

[(
f i (xxx, t)− f0

i (xxx, t)
)
− τFi

]
, (16)

where τ =
τ + 0.5∆t

∆t
and we have used the He et al. [17] variable transform

f i = fi +
∆t

2τ

(
fi − f0

i

)
− ∆t

2
Fi. (17)

Macroscopic variables can be easily obtained from moments of the transferred variable,
f i:

ρ =
∑
i

f i = ρ

ρuuu =
∑
i

cccif i = ρuuu+ ρ
∆t

2
FFF

ΠΠΠ =
∑
i

cccicccif i =
2τ +∆t

2τ
ΠΠΠ− ∆t

2τ
ΠΠΠ0 − ∆t

2
(ggguuu+ uuuggg)

QQQ =
∑
i

cccicccicccif i =
2τ +∆t

2τ
QQQ− ∆t

2τ
QQQ0 −

∑
i

ccciccciccciFi. (18)

2.3. Moment-based methodology for boundary conditions in three
dimensions

We first discuss the extension of moment-based boundary condition to three dimen-
sions with non-slip boundary conditions, as considered by Krastins et al.[21], before
highlighting the necessary adjustments and extensions to incorporate slip.

At a flat boundary aligned with gridpoints the velocity distribution functions fi
that have (particle) velocities tangential to the boundary, or in the direction pointing
out of the domain, are known, while those with velocity pointing into the domain
are unknown and need to be supplied. The moment-based approach provides a way
of finding the unknown fi through constraints on moments. It identifies groups of
moments with the same linear combination of incoming (unknown) fi and imposes
a boundary condition on one moment from each linearly independent group [5]. The
resulting linear system to be solved is very small and only needs to be computed once,
before the simulation.

In two dimensions, one can impose physically meaningful boundary conditions on
hydrodynamic moments only (that is, on moments which have a direct physical inter-
pretation in terms of the Naiver-Stokes description of flow) [2, 24, 32]. Krastins et al.
[21] attempted the same methodology in 3D with the D3Q19 lattice. Here there are
five, nine and twelve unknown incoming distributions at the planar boundary faces,
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edges and corners, respectively, and the same number of independent moment condi-
tions for the respective boundaries are required. The moment groups are shown in full
for a boundary face at the south of a computational domain, an edge at the south
west, and a front facing south west corner in Tables 1, 2, and 3, respectively, in the
appendix. Note that this is the case only when the boundaries are aligned vertically
or horizontally with lattice grid points. More complicated boundaries is a topic for
further research.

Krastins et al. [21] argued that at edges and corners there are more unknown fi than
hydrodynamic moments. They used the third moment,QQQ, to close the system, consider-
ing lattice symmetries when doing so, and assumed that non-equilibrium contributions
to QQQ in equation (15) can be neglected. Recall that only zero velocity boundary con-
ditions were under consideration in Krastins et al. For the flows under consideration
in this article, the tangential velocity does not vanish at a boundary. For this reason,
we use in our boundary conditions the first non-equilibrium contribution to QQQ, which
include spatial derivatives in its expression.

Height H

Width W

Length L

x

z

�

Flow Direction

6

Figure 2. Illustration of the flow domain.

2.4. Navier slip boundary condition.

In 1823, Navier proposed a slip boundary condition which assumed that tangential
fluid velocity a surface, us, to be proportional to the rate of shear stress at the surface
[27]. That is,

us = Ls
∂u

∂n

∣∣∣∣
surface

, (19)

where u is tangential fluid velocity, Ls is the slip length, n is the outward normal
direction to the surface. This boundary condition has found applications in flow over
rough surfaces [19], polymer processing [12], and lubricating flows [6], for example,
and it is this condition that we will impose on three dimensional lattice Boltzmann
methods using the moment-based approach.
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1

Figure 3. No slip velocity and slip velocity with slip length.

3. Three dimensional pulsatile flow with Navier slip conditions

We simulate three dimensional pulsatile flow with Navier slip to validate our method.
The flow is driven by a constant body force and is periodic in the flow direction, as
shown in Figure 2. The moment-based approach is used to apply Navier-slip boundary
conditions on the four solid boundaries as shown in Figure 2.

At the south face the unknown (incoming) distribution functions are f5, f11, f14 ,
f15, and f18. The five independent moments (containing independent combinations of
these unknowns) are chosen from Table 1:

ρux = ρus,

ρuy = 0,

ρuz = 0,

Πxx = Π0
xx = ρc2s + ρu2s

Πyy = Π0
yy = ρc2s (20)

In the above, the components of the momentum flux tensor are set to equilibrium
because (∂xux = ∂yuy = 0 at the faces (see equation (14)). The body force is formed
as g = (ρgx, 0, 0).

The conditions above are for the hydrodynamic moments of fi, but recall that we
are using a lattice Boltzmann algorithm for the transformed variable, fi, as defined in
equation (17). Thus, the conditions on physical moments are translated to the “barred”
moments (see 18) as

ρux = ρus −
∆t

2
ρgx,

ρuy = 0,

ρuz = 0,

Πxx = ρc2s + ρu2s −∆tρgx,

Πyy = ρc2s, (21)
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As an explicit example, one can solve the linear system for the incoming distribution
functions at the south face and find

f5 = f1 + f2 + f3 + f4 + f6 + 2f7 + 2f8 + 2f9 + 2f10 + 2f12 + 2f13+

2f16 + 2f17 −
2

3
ρ+∆tρgxus − ρu2s,

f11 = −f1 − f7 − f10 − f12 +
ρ

6
− ∆t

4
ρgx −

∆t

2
ρgxus +

1

2
ρu2s +

1

2
ρus,

f14 = −f2 − f8 − f9 − f13 +
ρ

6
+

∆t

4
ρgx −

∆t

2
ρgxus +

1

2
ρu2s −

1

2
ρus,

f15 = −f3 − f7 − f8 − f16 +
ρ

6
,

f18 = −f4 − f9 − f10 − f17 +
ρ

6
, (22)

The density and tangential slip velocity at the face still need to be found, and in
the moment-based approach they can be found in terms of imposed constraints and
known f i. The density can be expressed in the form ρ = ρuy + (known fi), because ρ
and ρuy are dependent moments (they have the same combination of unknowns - see
Table 1):

ρ = f0+f1+f2+f3+f4+2f6+f7+f8+f9+f10+2f12+2f13+2f16+2f17, (23)

The slip velocity us requires the velocity gradient, which is embedded in the non
equilibrium part of Πxz (see equation 14). Since ux and Πxy are in the same moment
grouping in Table 1, we can follow [31] to find a local expression for the slip velocity:

us =

(
−6Ls

ρ(2τ + 1)

(
f11 − f12 + f13 − f14

))
, (24)

where we have used

us = −Ls

µ
Πxz,

Πxz =
2τ + 1

2τ
Πxz. (25)

Similar expressions are found for other wall orientations. Where there is no slip, the
conditions simplify with us = 0.

3.1. The exact solution to pulsatile flow

A pulsating pressure gradient can be applied via a body force gx =
(
2Ucν/h

2
)
cos(wt),

where Uc is the zero frequency centreline velocity case (i.e. Poiseuille flow), h is the
the channel half-width, w = 2π

P is the frequency, P is the period, and ν the kinematic
viscosity. The kinematic viscosity can be written in terms of the Reynolds number as
ν = Uch

Re where Reynolds number is defined as Re = Uch
ν . The solution to pulsatile flow

with no slip boundary conditions in well know [45]. With Navier-slip conditions we
find the analytical solution as seen in equations (26,27) and find similar topics and in
these references [34],[20],[29]
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The exact solution to this flow with Navier-slip conditions at z = ±h is

ux(z)

Uc
= ℜ

[(
us
Uc

cosh
(
(1 + |)W0

z
h

)
cosh ((1 + |)W0)

+
|

W0

(
1−

cosh
(
(1 + |)W0

z
h

)
cosh ((1 + |)W0)

))
e

j2πt

P

]
, (26)

us
Uc

=
(| − 1)Ln sinh ((1 + |)W0)

W0 [cosh ((1 + |)W0)− LnW0 (1 + |) sinh ((1 + |)W0)]
, (27)

where | =
√
−1 and the dimensionless Womersley number is W0 =

√
w
2νh. The dimen-

sionless slip length is Ln = Ls

h . Note that the exact solutions does not dependent on
the Reynolds number. In the simulations below, the values of Ln are chosen because
they are similar to the slip lengths in related papers [31, 44], albeit via the Knudsen
number.

3.2. Numerical results

We simulated the flow on computational grids with nx = ny = 2 and nz =
16, 32, 64, 128, 256, 512. The relaxation times are given in lattice units where ∆x =
∆t = 1. In these units the characteristic velocity is Uc = 0.1.

The flow velocity computed by the LBM with moment-based slip boundary con-
ditions and the exact solution are in a excellent agreement, as shown in Figure 4 at
different slip lengths Ln and Womersley numbers W0.
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Figure 2: Blue: velocity profile of LBM; Red: velocity profile of exact solution at � = 0.6 and nx = n� = 2, nz = 128.
(a), (b) and (c) for W0 = 0.3545; (d), (e) and (f) for W0 = 3.545; (g), (h) and (i) for W0 = 11.201.

The velocity of the LBM and the exact solution are in a excellent agreement as shown in Figure

??. The effect of slip velocity is clear, for instance, the magnitude of slip velocities are reduced

with the decrease of the Ln . These slip velocities are decreased with Ln = 0.0194 and these results

are extremely close to those results for no-slip. Also, the slip velocities at high frequency such as

W0 = 11.201 are smaller than those with middle frequencyW0 = 3.545 or low frequencyW0 = 0.3545.105

Moreover, there is a variation maximum velocity for each Womersley number. For example, the

smallest maximum velocity is 0.008 with W0 = 11.201 and the largest maximum velocity is around

1.8 with W0 = 0.355.

The convergence state be based on the number of periods, and this number depends on the grid

size, W0, � and Ln , as shown in Table (1) (see p.14-15). As noticed in Table (1) (see p.14-15), the110

number of periods for the velocity profile are two at W0 = 0.3545 and are more than 2 periods with

high frequencyW0 = 11.201 and middle frequencyW 0 = 3.545. Moreover, The number of periods for

slip velocity are lower than the number of periods for velocity profile at � = 6, 0.6, W0 = 11.201 and

W0 = 3.545, whereas the number of periods for slip velocity is greater than the number of periods

for the velocity profile at relaxation time � = 0.06 for W0 = 11.201 and W0 = 3.545, as seen in Table115

(1) (see p.14-15). Furthermore, increase in relaxation time again leads to a decrease in the number

of periods required to reach convergence state for velocity and slip velocity, as seen in Table (1)

(see p.14-15). Over again, at � = 0.06, a decrease in Ln leads to a decrease in required periods to

reach convergence state in the case of velocity profile at W0 = 3.545 and W0 = 11.201, as seen in

Table (1) (see p.14-15).120
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Figure 2: Blue: velocity profile of LBM; Red: velocity profile of exact solution at �= 0.6 and nx = n� = 2, nz = 128. (a), (b) and (c)
for W0 = 0.3545; (d), (e) and (f) for W0 = 3.545; (g), (h) and (i) for W0 = 11.201.

The flow velocity computed by the LBM with moment-based slip boundary conditions and the exact

solution are in a excellent agreement, as shown in Figure 1. The convergence state be based on the number

of periods, and this number depends on the grid size,W0, � and Ln , as shown in Table (1) (see p.11-12). [[: IS95

THIS RELEVANT/INTERSTING/NEEDED??]] As noticed in Table (1) (see p.11-12), the number of periods

for the velocity profile are two atW0 = 0.3545 and are more than 2 periods with high frequencyW0 = 11.201

10

(a)

Figure 4. Blue: velocity profile of LBM; Red: velocity profile of exact solution at τ= 0.6 and nx = ny = 2,

nz = 128. (a), (b) and (c) for W0 = 0.3545; (d), (e) and (f) for W0 = 3.545; (g), (h) and (i) for W0 = 11.201.
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0 128 26
16 100 60
32 126 70
64 133 80

0.388 128 146 100
16 70 62
32 90 68
64 95 75

0.6 11.201 0.194 128 100 80
16 55 58
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64 60 70

0.0194 128 64 80
16 50

0 32 55
64 60
128 65
16 68 80
32 70 90

0.388 64 100 125
128 150 160
16 65 75
32 67 80

0.06 11.201 0.194 64 80 90
128 140 148
16 54 47
32 59 61

0.0194 64 77 80
128 107 115
16 44
32 57

0 64 58
128 90

Table 1: The relation between the Womersley numbers and the number of periods for the norm error of velocity and slip velocity at
different grid sizes, Ln and relaxation times in 3D.
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Figure 3: The global norm error for the velocity in. (a), (b), (c) for W0 = 0.3545 and (d), (e), (f) for W0 = 3.545 and (g), (h) for
W0 = 11.201.
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Figure 3: The norm error in 3D. (a), (b), (c) for W0 = 0.3545 and (d), (e), (f) for W0 = 3.545 and (g), (h) for
W0 = 11.201.

101.5 102 102.5

10�8

10�6

10�4

10�2

Number of grid points

T
he

no
rm

er
ro

r
( L

2)

Ln=0.388
Ln=0.194
Ln=0.0194

(a) � = 6

101.5 102 102.5

10�9

10�7

10�5

10�3

10�1

Number of grid points

T
he

no
rm

er
ro

r
( L

2)

Ln=0.388
Ln=0.194
Ln=0.0194

(b) � = 0.6

101.2 101.4 101.6 101.8 10210�10

10�9
10�8
10�7
10�6
10�5
10�4

Number of grid points

T
he

no
rm

er
ro

r
( L

2)

Ln=0.388
Ln=0.194
Ln=0.0194

(c) � = 0.06

17

Figure 5. The global norm error for the velocity. (a), (b), (c) for W0 = 0.3545, (d), (e), (f) for W0 = 3.545

and (g), (h) , (i) for W0 = 11.201.
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Table 1: The relation between the Womersley numbers and the number of periods for the norm error of velocity and slip velocity at
different grid sizes, Ln and relaxation times in 3D.
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Figure 3: The global norm error for the velocity in. (a), (b), (c) for W0 = 0.3545 and (d), (e), (f) for W0 = 3.545 and (g), (h) for
W0 = 11.201.
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Figure 3: The global norm error for the velocity in. (a), (b), (c) for W0 = 0.3545 and (d), (e), (f) for W0 = 3.545 and (g), (h) for
W0 = 11.201.
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Figure 4: The norm error for slip velocity in 3D. (a), (b), (c) for W0 = 0.3545 and (d), (e), (f) for W0 = 3.545 and
(g), (h) for W0 = 11.201.

For given W0, Ln , the numerical results and norm error behaviour are perfectly determined

by the relaxation time � value. The norm errors are generally of second order accuracy and are

independent of � and W0 and Ln . Generally, these errors are in the same for small relaxation time

� = 0.06, 0.6 and large values of Ln with middle or low frequency, as shown in Figure 3 (b), (c),140

(e) and (f). The norm errors are the same for � = 0.06, 0.6 and each Ln at W0 = 11.201 as seen in

Figure 3 (g) and (f).

The convergence behaviour for velocity profile is seen in Figure 3 and for slip velocity in Figure

4. The behaviour of the norm error is demonstrated in Figure 3 for velocity profile and Figure 4 for

slip velocity. For instance, the norm error in both slip velocity and the velocity profile is increased145

by increasing the � at each Ln , W0 and grid size, as shown in Figures 3 and (4).

In general, the value of the velocity norm error is greater than the value of the slip velocity

norm error at each Womersley number, Ln , � and grid size, as seen in Figure 3 and Figure 4. At

� = 0.6 and low Womersley numbers the value of the velocity norm error is increased by increasing

the Ln and is independent of grid size, as can be seen in Figure 3 (a) and (b). At the same range of150
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Figure 4: The norm error for slip velocity in 3D. (a), (b), (c) for W0 = 0.3545 and (d), (e), (f) for W0 = 3.545 and
(g), (h) for W0 = 11.201.

For given W0, Ln , the numerical results and norm error behaviour are perfectly determined

by the relaxation time � value. The norm errors are generally of second order accuracy and are

independent of � and W0 and Ln . Generally, these errors are in the same for small relaxation time

� = 0.06, 0.6 and large values of Ln with middle or low frequency, as shown in Figure 3 (b), (c),

(e) and (f). The norm errors are the same for � = 0.06, 0.6 and each Ln at W0 = 11.201 as seen in140

Figure 3 (g) and (f).

The convergence behaviour for velocity profile is seen in Figure 3 and for slip velocity in Figure

4. The behaviour of the norm error is demonstrated in Figure 3 for velocity profile and Figure 4 for

slip velocity. For instance, the norm error in both slip velocity and the velocity profile is increased

by increasing the � at each Ln , W0 and grid size, as shown in Figures 3 and (4).145

In general, the value of the velocity norm error is greater than the value of the slip velocity

norm error at each Womersley number, Ln , � and grid size, as seen in Figure 3 and Figure 4. At

� = 0.6 and low Womersley numbers the value of the velocity norm error is increased by increasing

the Ln and is independent of grid size, as can be seen in Figure 3 (a) and (b). At the same range of

18

Figure 6. The norm error for slip velocity at the wall. (a), (b), (c) for W0 = 0.3545 and (d), (e), (f) for

W0 = 3.545 and (g), (h),(i) for W0 = 11.201.

The norm errors for the velocity are second order, and we note that the value of
τ does not strongly effect the order of convergence, as shown in Figure 5 (b), (c), (e)
and (f). Figure 6 shows the norm error of the for slip velocity at the wall. In all cases
the diffusive scaling, where ∆x ∝ ∆2

t and the relaxation time is fixed. That is, under
mesh refinement, the Reynolds number and Womersley, but not the Mach number,
are fixed.

4. Laminar flow inside a rectangular duct with Navier-slip conditions

Moment-based boundary conditions are used on four confining walls to impose the
Navier-slip boundary condition in the flow direction. The wall velocity is assumed to
be zero in the other directions as shown in Figure 7, that is

ux = uz = 0, uy = us (28)

on wall boundaries, where us is given by the Navier slip condition (19). A constant
body force is applied in the flow direction such that ggg = (0, ρgy, 0).
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4.1. Moment boundary conditions

We impose the five conditions

ρux = ρuz = 0, ρuy = ρus, Πxx =
ρ

3
, Πyy =

ρ

3
+ ρu2s. (29)

on the moments at face boundaries. After using the variable transformation (17) these
become

ρux = 0, ρuy = ρus −
∆t

2
ρgy, ρuz = 0,

Πxx =
ρ

3
, Πyy =

ρ

3
+ ρu2s −∆tρgy, (30)

which, as in the previous section, can be solved simply for the incoming f i. Again, the
density ρ and precise form of the slip velocity, us, can be found from known distribution
functions and imposed conditions (see Section 3).

To find the unknown distribution functions at each of the four edges with moment
boundary conditions, nine moments have to be chosen. As an example, we will consider
a south west edge, where the moment groups are given in from Table (2) in the
appendix. We impose the following conditions;

ρux = 0, ρuy = ρus, ρuz = 0,

Πxx =
ρ

3
, Πyy =

ρ

3
+ ρu2s, Πzz =

ρ

3
,

Πxy = −τ
ρ

3
∂xuy, Πxz = 0, Qxyy = τ

ρ

3
((∂xuy)uy)

In the above we have used the fact that the equilibrium and first order correction
to the third moment Qxyy are

Q0
xyy =

ρ

3
ux = 0, Q1

xyy =
ρ

3
((∂xuy)uy) (31)
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Upon converting to “barred” moments and solving for the unknown incoming f iwe
find that

f1 = f2 + 2f6 + 4f13 + 2f16 + 2f17 −
ρ

3
− ρ (2τ + 1)

6

u2s
Ls

,

f5 = 2f2 + f3 + f4 + f6 + 4f8 + 4f9 + 4f13 + 2f16 + 2f17 −
2

3
ρ

+∆tρgyus − ρu2s +
ρ (2τ + 1)

6

u2s
Ls

,

f7 = f8 +
ρ (2τ + 1)

12

u2s
Ls

− ρ (2τ + 1)

12

us
Ls

,

f10 = f9 +
ρ (2τ + 1)

12

u2s
Ls

+
ρ (2τ + 1)

12

us
Ls

,

f11 = −f2 − f6 − f8 − f9 − 3f13 − f16 − f17 +
ρ

3
,

f12 = −f6 − f13 − f16 − f17 +
ρ

6
,

f14 = −f2 − f8 − f9 − f13 +
ρ

6
,

f15 = −f3 − 2f8 − f16 +
ρ

6
− ∆t

4
ρgy −

∆t

2
ρgyus +

1

2
ρus +

1

2
ρu2s,

− ρ (2τ + 1)

12

u2s
Ls

+
ρ (2τ + 1)

12

us
Ls

,

f18 = −f4 − 2f9 − f17 +
ρ

6
+

∆t

4
ρgy −

∆t

2
ρgyus −

1

2
ρus +

1

2
ρu2s,

− ρ (2τ + 1)

12

u2s
Ls

− ρ (2τ + 1)

12

us
Ls

. (32)

and the density is found from the known distribution functions by using this form
ρ − ρuz which is depended on the definition of density ρ = f0 + f1 + f2 + f3 +
f4 + f5 + f6 + f7 + f8 + f9 + f10 + f11 + f12 + f13 + f14 + f15f16 + f17 + f18 and
ρuz = f5 − f6 + f11 − f12 − f13 + f14 + f15 − f16 − f17 + f18. Thus, the density at
the edge is

ρ = f0 + 2f2 + f3 + f4 + 2f6 + 2f8 + 2f9 + 4f13 + 2f16 + 2f17. (33)

The slip velocity is once again found using the shear stress Πyz and the relations

Πyz = −µ∂yuwall and us = −Ls

µ
Πyz. Thus at the south west edge we have

us =
6Ls

ρ(6Ls + 4τ + 2)

(
∆t

2
ρgy + f3 − f4 + 2f8 − 2f9 + 2f16 − 2f17

)
. (34)
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4.2. The exact solution under Navier-slip boundary conditions

The analytical solution to this flow with Navier-slip boundary conditions at the four
walls is [1]

uy (x, z) = Uc

[ ∞∑
n=1

Dn cosh(A3βnz) cos(βnx)−
4x2 − 1− 4A1Ln

A2
18

]
, (35)

where x is defined as x = (i/nx) − 0.5, i = 0, ..., nx, z = (l/nz) − 0.5, l = 0, ..., nz,

A2 =
Dh

W
, A1 =

Dh

H
, A3 =

A1

A2
, Re =

ρ0UcDh

µ
in which Dh =

2WH

W +H
is the

hydrodynamic diameter, the dimensionless slip length is Ln =
Ls

Dh
. The coefficients

Dn are

Dn =
4 sin(

1

2
βn)

A2
1β

2
n

[
A1βnθuLn sinh(

1

2
A4βn) + cosh(

1

2
A4βn)

] 1

sin(βn) + βn
, (36)

where βn are roots for βn tan(βn) =
1

A1βnLn
.

4.3. Numerical results

The relaxation times are given in lattice units where ∆x = ∆t = 1. The flow is driven
by the body force gy = (UcνDh

2) in the y-direction. The simulated velocity profile is
compared with the exact solutions. Navier-slip boundary conditions are implemented
using moment-based boundary conditions at the North, South, West and East walls,
and periodic boundary conditions used at the inlet and outlet i.e. Figure 7. These
are used to simulate incompressible flow with wall slip with a slip length in the range
0.001 < Ln < 0.1, as shown in Figure 8. Using a diffusive scaling we achieve second
order accuracy second order accuracy for all studied relation times and slip lengths,
as shown in Figure 9. Also, the centreline velocity is Uc = 0.1 and grid sizes in x and
z-direction are nx = nz = 16, 32, 64, 128, and the grid sizes in y-direction is ny = 2.
The aspect ratio is unity, so the hydrodynamic diameter is Dh = H. The velocity
profile is examined at the centreline of the channel i.e. at nx/2 and nz/2.
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Figure 8. The velocity profile uy at τ = 0.6 and nx = nz = 32.
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Figure 9. The norm error at different τ and Ln.

5. Conclusion

We have proposed for the first time moment-based boundary conditions for Navier
slip condition in three dimensional lattice Boltzmann models. The method required
the use of the third velocity moment to find the incoming distribution functions at
edges and corners. Due to the truncation error in the non-conserved moments, there
is an O(τ2) error in the slip implementation. This is shown within our convergence
studies, but this is within the order of accuracy of the LBM. Using a single relaxation
time LBM, the results have been shown to be in excellent agreement with analytical
solution and converge with second order accuracy. Future work will consider extending
the method to micro scale flows, where the slip length is not an independent parameter
but a function of the Knudsen number (viz., the relaxation time).

The Navier slip boundary condition is essential in the study of drag-reducing sur-
faces for accurately simulating flows over superhydrophobic surfaces or slippery liquid-
infused surfaces (SLIPS). These advanced surface coatings create conditions where
fluids effectively “slip” along the boundary, significantly reducing friction in ducts
and pipes. By incorporating Navier slip boundary condition into Lattice Boltzmann
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Method (LBM) simulations, researchers can quantify the extent of slip and evaluate
its impact on energy efficiency. This capability supports the design of low-drag tech-
nologies for applications such as industrial piping, marine transport, and microchannel
heat exchangers [10, 35].

In biomedical applications particularly in modeling blood flow through small capil-
laries or artificial vascular grafts the presence of surface coatings or biological struc-
tures such as the endothelial glycocalyx can give rise to apparent slip at the vessel
wall. Incorporating Navier slip conditions into the lattice Boltzmann method allows
for more realistic representation of these effects, leading to improved predictions of
shear stress and cellular interactions in microcirculatory flow studies [40].

In addition, implementing slip boundary conditions within the lattice Boltzmann
method has become increasingly important for simulating fluid-solid interactions at
small scales or on surfaces with specialized properties. This paper is a step towards a
viable method. A key related application area is microfluidic devices such as lab-on-
a-chip systems where fluid flows are confined to micrometer-scale channels. At these
scales, the traditional no-slip boundary condition often fails to capture observed be-
haviours, especially near hydrophobic or superhydrophobic walls. Experimental stud-
ies have shown that nanoengineered surfaces can induce measurable slip, resulting in
reduced drag and enhanced flow rates [10]. Incorporating slip conditions into LBM
enables more accurate modeling of these effects, allowing for better predictions of
flow rates, pressure drops, and fluid mixing factors that are critical for applications in
biomedical diagnostics and chemical assays [40].

We discussed in the text that the moment-based method has the current shortcom-
ing of being applicable only to regular geometries. Overcoming this hurdle is important
future work, but not within the scope of this paper. Avenues worth exploring to im-
prove geometric flexibility include interpolation-based approached to apply conditions
on boundaries that are projected to the nearest grid point. The interpolation length
may be analogous to a slip length. While this would be a major development, the
ability to apply boundary conditions accurately and locally and grid points aligned
with lattice nodes in still a success of the moment-based approach. With specific ref-
erence to the slip flow considered here, we can impose Neumann conditions without
any additional finite difference approximations, without any tuning of free parameters,
without needed to adjust the collision operator to eliminate slip errors, and without
calibrating the method against other solutions to optimise accuracy.

Moment-based boundary conditions offer the potential to accurately impose com-
plicated boundary conditions at grid points, while providing enhanced stability at
high Reynolds numbers with more sophisticated collision operators [24], making them
well-suited for applications in microfluidics and biomedical flows. By extending the
methodology to three dimensional flows in the presence of slip, we offer the prospect
of using the LBM with moment-based boundary conditions to study a greater volume
of flow problems. The reach of the method will increase further when it is developed
for efficient simulations in complex geometries.
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[27] C.L.M.H. Navier,Mémoire sur les lois du mouvement des fluides, Mémoires de l’Académie
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6. Appendix

Table 1. Moments at the South boundary, in 3D.

Moments
Combination of unknown distribution functions at the South bound-
ary

ρux,Πxz, Qxzz f11 − f14
ρuy,Πyz, Qyzz f15 − f18
ρ, ρuz,Πzz f5 + f11 + f14 + f15 + f18
Πxx, Rxxzz, Qxxz f11 + f14
Πyy, Ryyzz, Qyyz f15 + f18

Table 2. Moments at the South West edge, in 3D.

Moments
Combination of unknown distribution functions at the South West
edge

ρ f1 + f5 + f7 + f10 + f11 + f12 + f15 + f16
ρux,Πxx f1 + f7 + f10 + f11 + f12
ρuy f7 − f10 + f15 − f18
ρuz f5 + f11 − f12 + f15 + f18
Πyy f7 + f10 + f15 + f18
Πzz f5 + f11 + f12 + f15 + f18
Πxy, Qxxy f7 − f10
Πxz, Qxxz f11 − f12
Qxyy f7 + f10
Πyz, Qyzz f15 − f18
Qxzz f11 + f12
Qyyz, Ryyzz f15 + f18
Rxxyy f10 + f11
Rxxzz f12 + f15

Table 3. Moments at the South West front corner, in 3D.

Moments
Combination of unknown distribution functions at South West front
corner

ρ f1 + f3 + f5 + f7 + f8 + f10 + f11 + f12 + f14 + f15 + f16 + f18
ρux f1 + f7 − f8 − f9 + f10 + f11 + f12 − f14
ρuy f3 + f7 + f8 − f10 + f15 + f16 − f18
ρuz f5 + f11 − f12 + f14 + f15 − f16 + f18
Πxx f1 + f7 + f8 + f9 + f10 + f11 + f12 + f14
Πyy f3 + f7 + f8 + f10 + f15 + f16 + f18
Πzz f5 + f11 + f12 + f14 + f15 + f16 + f18
Πxy f7 − f8 − f10
Πxz, Qxzz f11 − f12 − f14
Πyz f15 − f16 − f18
Qxxy f7 + f8 − f10
Qxyy f7 − f8 + f10
Qyzz f15 + f16 − f18
Qxxz f11 − f12 + f14
Qyyz f15 − f16 + f18
Rxxyy f8 + f10 + f11
Rxxzz f12 + f14 + f15
Ryyzz f15 + f16 + f18
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Figure 1: Blue: velocity profile of LBM; Red: velocity profile of exact solution at � = 0.6 and nx = n� = 2, nz = 16.
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Figure 1. Pulsatile flow with slip on coarser grids. Blue: velocity profile of LBM; Red: velocity profile of
exact solution at τ = 0.6 and nx = ny = 2, nz = 64. (a), (b) and (c) for W0 = 11.201.
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Figure 2. Pulsatile flow with slip on coarser grids. Blue: velocity profile of LBM; Red: velocity profile of
exact solution at τ = 0.6 and nx = ny = 2, nz = 16. (a), (b) and (c) for W0 = 0.3544.
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